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In this paper we complete the proof of the following conjecture of L. Moser: Any convex 
region of area n can be placed on the plane so as to cover ~--n+f(n) lattice points, where f(n)-- ~. 

O. Introduction 

We recall the main result from Part  I o f  this paper (see Section 1 in [1]). 

Theorem 1.1. There is a universal function f ( x ) ,  f ( x )~_ x  ]19 for  x~_Co (where c o is 
an "ineffective" absolute constant) such that any convex region A o f  area x can be 
placed on the plane so as to cover at least x + f (x) (or at most x - f  (x)) lattice points. 

For  any compact and convex region B on the plane, let d(B)  and r(B) denote 
the diameter o f  B and the radius of  the largest inscribed circle o f  B, respectively. 
Let p denote the two-dimensional Lebesgue measure (i.e. the usual area). 

For  any bounded set S c R  ~ and xER z, let 

g(S, x) = card ( S + x )  N Z  2, 

i.e., the number of  lattice points covered by the translate S + x  o f  S. For  any posi- 
tive real number eC(0, 1/2], let 

1 f g(S,x+y>ay. g(S ,  x,  e) = 482 [-,.~)" 

Note that g(S,  x, 1 /2)=i t (S)  if S is Lebesgue-measurable and lim g(S,  x, e )=g(S ,  x) 
g - - 0  

if there is no lattice point on the boundary o f  S + x .  
Given any angle zE[0, 2~r), let zS denote the rotated image o f  S c R  z. Let  

q/~=[0, 1) ~. In Section 2 o f  [1], we have derived "lheorem 1.1 from the following 
estimate. 

Theorem 2.1. There exist an "ineffective" absolute constant c o and an "effective'" 
absolute constant cz>0  such that for  any convex region A with it(A)>-Co and 
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r(A)>= 1/9, we have with go=(d(A))-I/~~176 

1 ~ 2= f { f (g(~A'y'e~ & ~- c~'(d(A))~w~176 
0 qlz 

In Sections 3--4, we have derived Theorem 2.1, using Fourier Analysis, from 
the following two lemmas. 

For any BE[0, 2re), write e( /3)=(cosp,  sin/3). Let ha+,(fl, y) be the Eucli- 
dean length of  the chord 

{yEA+v:  y . e ~ )  = y}. 

We say that ha+v(B, y), BE[0, 2re), yER is the chord function of  A +  v. 
Let 

M~',, = sup {xER: ha+,(fl, x) > O} 
and 

M~,, = inf {xER" ha+,(fl, x) > 0}. 

Clearly Da=(M~.,--M~.,) is the length of  the projection of  A onto a straight line 
parallel to the unit vector e(B). 

Let g=go=(d(A)) -111~176 Let qE(0, 1/100). Let {4} denote the fractional part 
of  the real number ~, i.e., ~=[~]+ {~}. 

We shall denote the distance from the real number ~ to the nearest integer 
by I1~11. 

For any PE [0, 2re), write 

V(fl) = V,(fl) = {vER2: Iv[ <- 1 and one can find positive integers 

k = k(fl, v), l = l(fl, v) such that 

1 1 
( k S -{- I~') 11~ -< and furthermore, 

10go = 5co" 

<= and <= 2,1}, 

where {v: [v l_- l}={v=(v , ,  v~): v~+v~<-l} is the unit disc. 
We are now able to formulate the two lemmas 

Lemma 4.1. I f  1/100_~/-~2. (d(A)) -lo-~ and #(A) is larger than an "'ineffective" 
absolute constant, then p(V(fl))=la(Vn(B))~-~l uniformly for all pE[0, 2zr). 

The second one is a purely geometric lemma. 
Given a convex region B, an angle fiE[0, 2zr) and a real number y_~0, write 

(0.1) fa(fl, Y) = hB+v(fl, M~,v+Y) 

where 
M~,v = MF, v(B) = inf (xER: h~+v(fl, x) > 0}. 

Observe that the right-hand side term in (0.1) is independent o f  the value of  VERZ 
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Lemma 4,2, There are ("effective") positive absolute constants ca, c~o and caa such 
that for any convex region B with r(B)>-Ca, 

2~ 

~ o -  a(s) => f (fB(/~, 1)) 2 d~ >= c~1" d(B). 
0 

Section 5 was devoted to the proof of Lemma 4.1. 
In the proof we used a particular case of the following very deep theorem 

of W. M. Schmidt in Diophantine Approximation: Suppose y~, Yz, .... Yh are real 
algebraic numbers such that I, y~ . . . . .  Yh are linearly independent over the rationals, 
and suppose c>  I. ~Ihere are 0nly finitely many positiv e integers q with 

(0.2) q~" ]tY~' q]]" ]]Y2" qll ...l[Yh" qH < 1. 
Unfortunately, one can  at present not give an upper bound B=  

=B(yx, Y2 . . . . .  Yh, c) for solutions q of (0.2). Hence, Schmidt's theorem is "in- 
effective", q?his is the reason that our threshold constant co is also "ineffective". 

The object of this paper is to prove Lemma 4.2. In the following two sections 
(Sections 6---7, for the sake of unity), we shall prove the lower and the upper bounds, 
respectively. 

6. P r o o f  of  L e m m a  4.2 - -  Lower  bound 

Let 0B(z), 0<_-~<21r denote the radius of curvature of B (here z denotes 
2~ 

the direction of the normal vector). It is well known that f OB(z)d~=perimeter(B). 
0 

2~t 2n 

I fB is an ellipse, then fn(~, 1)-'~2(2QB(z)) l/z, hence f (fB(% f o~(oa~= 
0 0 

= 8. perimeter (B), and Lemma 4.2 follows. 
Unfortunately, in the general case (i.e., when Bis an arbitrary convex region), 

the functions .fB(% 1)and (QB(Z)) 1/2 (0_~<2n)  can have quite different order of 
magnitudes, and this natural approach breaks down. We were unable to find a 
simple proof; the following one is rather lengthy. We hope that the reader can 
essentially simplify it. 

We start with some terminology. Let B be a convex compact region on  the 
X1Xz-plane=RL Let F(B) denote the boundary of B. Let x', x"ER 2 be two 
distinct points. Denote by [x', x'] the line segment joining x' and x", i.e., Ix', x"] = 
= {e. x '+  ( 1 -  ~)x": 0<_ - ~ 1}. Denote by L(x', x") the straight line determined 
by x' and x" (we dearly have [x', x"]cL(x' ,  x")). Let R(x', x") denote the ray 
starting from x' and passing through x". The directed line x' x;' splits the plane into 
a positive half-plane HP+(x ", x") and a negative half-plane HP-(x ' ,  x") according 
as the points x', x", any yCHP+(x ', x") and x', x", any zEHP-(x ' ,  x") are in 
clockwise and counter-clockwise orientation, respectively. Similarly, x', x;  splits the 
perpendicular bisector of Ix', x"] into a positive part c H P + ( x  ', x") and a negative 
part c H P - ( x ' ,  x"). Let z(x', x") be the angle between X~ (i.e., the positive part 
of Xt-axis) and the positive part of the perpendicular bisector of Ix', x"]. Let 
]x--yl=((xl--yl)~+(x~.--y~)~) ~/~, x=(x l ,  x2)ER 2, y--(y1, y~)CR ~ denote the usual 
Euclidean distance. 



162 ~. BECK 

Given v, v', v"EF(B), let dist (vlv', v") denote the Euclidean distance of 
the point v from the straight line L(v', v"). Let 

6 n ( v ' , v 3 =  max dist(wlv',v") 
w E_rB (v',v'9 

where Fn(v', v")cF(B)  denotes the arc starting from v' in counter-clockwise 
direction and terminating at v". Let w=wB(v', v")CFB(v', v") be (one of the points) 
defined by the equation dist (w[v', v")=6B(v', v"). 

Let r(B), d(B) and I(B) denote the radius of the largest inscribed circle of 
B, the diameter of B and the perimeter of B, respectively. 

For any fiE[0, 27r), write e(fl)=(cos fl, sin fl). Let hn(fl, x) be the length of 
the chord {xEB: x.e(fl)=x}.  Let M~=sup{xER:hB(fl, x)>O} and M E =  
= i n f  {xfiR: hB(fl, x)>0}. Note that M~-=- -M[+, .  Note further that the straight 
lines passing through the points M~- �9 e(fl) and M y .  e(fl), resp. and having angle 
fl with the X:axis are tangent to B. 

For later purposes we mention here two simple consequences of  the convexity 
o rB:  For arbitrary tiC[0, 2~r), 

> Y hB( fl, M~---~5), (6.1) if 0 < y ~ _ 6  then h B ~ , M ~ - - y ) = ~ - -  

(6.2) if 0 < 6 < = y ~ _ r ( B )  then 

(M -ME)-y 
(M~ - M[) - 6 

hB(fl, M~ -5) ~_ 

= 2 r ( B ) - y  hn(fl, M~_j)>_lhn( f l ,  M+_6). 
2r(B)-J 

We shall also use the following well known fact: 

(6.3) if A1cA2 are compact convex regions then I(AI) ~- I(A2). 

For any zC[0, 2n) and fi~[0, r(B)], let v'(v, 6) and v"(z, 6) be two points 
on F(B) such that z(v'(~, 6), v"(v, 6))=z and 6n(v'(z, 5), v"(T, 6))=5. Write 
fB(r, J )=  [v'(r, 5 ) -v" (L  6)f. We clearly have 

(6.4) fB(T, ~) = hB(T , M + -6). 

Let c9= 1000. Our aim is to show that if r(B)~-c9 then 

2E 

(6.5) f 
0 

(fs(z, 1))~dz ~ el~. d(B). 

We start the proof of (6.5) with the following construction. Let ";1, v, . . . . .  v, 
be points on the arcF(B)  in counter-clockwise direction such that z(vl, v2)=0, 
aB(v,,v,+x)=l for l<=i<=n--1 and 68(v , ,v l )~ l .  Let l,=lvi-v~+ll, l<-i<-n-1 
and l.---Iv.-val; .,=.(v~, v~+0, l<-i<-n--1 and z,=z(v,, v 0. Clearly 0=zx< 
<~< ...<'On< 2to. 
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An outline of  the proof  of  (6.5) is as follows. Using a simple greedy algorithm 
we shall choose indices l~j l<jz<je<. . .<n such that  the angle-intervals 
[ ' + ' ]  z j , - /~ - , z j ,  /7, are pairwise disjoint; fn(z, 1)>const.ls, for all cE 

E x j , -  , cj,+-~/,] and Ijl+lj'+lh+'">const'(Z,=l l/)>eonst.d(B). We then 

have 

2tt 

1 

f (A(~, 1)) z d~ ~_ z~ f (A(~, 1)) z de > eonst ,  d(B), 
0 Jt 1 

and (6.5) follows. 
For  notational  convenience, write 

vk. ,+~=v,,  kEZ, l ~ _ i < - n  

1, = Iv,-v,+ll, i~Z and 

z k . n + j = % + 2 ~ ' k ,  k6Z,  1-<_i=<n. 

Let wl=wa(v, ,  v~+l), i.e., w, is defined by the equation d/st (wily,, v/+x)= 
=6n(vi, v,+l). Let T~=x(v,,wi) and  x**=z(w,,vf+l) .  Let ~pl=x~'*-r  
- a n g l e  (v/, wi, vt+l). Since * ** x i - x < x , < ~ , < ~ ,  <x ,+ l ,  we have 

(6.6) %+x--z/-x --~ (Pi. 

For l~i~_n-1,  let ~,,E(0, rt) be the solution o f t h e  equation 

(6.7) (-7) 1 tan = 1 - =T~"  
T Iv,- v/+d 

Simple geometric consideration shows that  for 1 ~_ i ~ _ n -  1, 

(6 .8)  ~p, _~ ~,. 

Since x=>min { { .  tan (x), ~ }  for 0==_x___-~, from (6.6)--(6.8) it follows that  

for l~_i~_n-1, 

(6.9) Zi+l-Z/-1 ~ ~Pi -~ ~ / =  2- ~--~- _~ 2min  ~- tan  , = 

= min , = max {li, 2} " 
We require 

Lemma 6.1. Suppose that there exists i~[1, n] such that li = Iv/-  v~+xl-~ c29--~d(B) = 

1 1 
=d(B)  Then inequality (6.5) holds with c11=2--~)  3 2.109 

500 " - " 
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[ -1-., ] Lo, Proof. Let z~ ~ - ~ ,  zi . u~HP-(v~, V~+l) bc that point for which v~, u, v~§ 

forms a right-angle triangle, angle (vi, u, v~+~)= 2 a n d  ~(u, v~+~)=z.: Let v~-ll" (B)  

be def ined b y  R(vi+x,u)NF(B)={v~+~oV}. Let w=w~(v, v~+l), i.e., 
dist (wlv, vi+~)=Sn(v, v~+~). For convenience, write d(z)=dist (wlv, v~+x). Ob- 
serve that 
(6.10) fB(z, d(z ) )=  Iv-v,+~l. 

We are going to give an upper hound to d(~). Let 

/z(v,, w), if w(Fn(v,, V,+l) 
0 = tz(w, vl), if W([FB(Vi, Vi+l). 

We have 
(6.11) d(z) = lu-v~l§ sin (0--z) = 

= Ivi-vt+ll" sin (*~-x)+lr~=-wl �9 sin (0 - r ) .  

On the other hand, by the "maximum distance" property of wi=wn(v~, v~+x), 

(6.12) Iv~-wl. sin (0-vi )  <= 5B(v~, v~+~) _-< 1. 

Since "[sin u - s i n  fll-<l~-fll and Isin M-<a, by (6.11) and (6.12) we have 

(6.13) d(z) = Iv,-wl.  (sin (0-Z)-Tsin (0-z l ) )+[v , -wl  i sin (0-zi)-f  

+ Iv/-vi+l] �9 sin (zi--z) --<_ [vi -wl"  ]zi-z[ + 1 + Iv/--Vi+I[ " [Zi--T[. 

i 
Since Ivi-vi+11=li, Ivl-wl<-d(B), 0~-~<=~ and by hypothesis li>= d(B), 
by (6.13) we have 

�88247 (6.14) d(z) ~_d(B).. I+1  -<_-~-+2 < ca. 

Let C(r,e)={x~RZ: Ix-el=r} b.e the largest inscribed circle of B, i.e., 
r=r(B) is the radius and e=e(B)  is the centre. Let C*=C(r-I,e)={yER~: 
[ y , c l = r - 1 } .  Let T x and/ '2  be the two tangents from v~ to C*. Eet ~ denote the 
angle between 7"1 and T 2. We have ? ~ w  where 02 is defined bythe  equation 

sin ( 2 ) =  r ( B ) - I  

Thus we get (we also use the fact that r(B)~cg) 
O3 (6.15) • ~ 2 . - ~  -_>: 2. sin 2r(Bi-2 r(B) 

Since 5B(Vi, Vi+x)_-- < 1, we obtain that the ray R(V~+l, u) certainly intersects both 
tangents 7"1 and T2. Let t l=R(vi+l ,  u)fqT~ and t2= R(v~+I,~U)NT... We can assume 
that t~E[vi+~, t2]. qhen we have 

(6.16) [Vi+I, v] N'B ~ [vi+l, tz]. 
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(6.17) 

On the other hand, 

Moreover, by (6.15) we have 
r ( B )  c~ 

angle(t2, vi, vi+l) ~ T --~ d(B) ~ dfB---T" 

1 C o 
(6.18) at~gle (re, vi+l, vi) = "q--z ~ - -  "< . 

It - -2d(B) 

Combining (6.17) and (6.18), we obtain that angle (t2, v~, vt+l)>angle (t2, vl+i, vt). 
Hence IVt+l-tel>ltz-V/I,  and so we have Iv ,+ l - td_~ lv , -v ,+ l l - l t 2 -v~ l  > 
>lvt -v~+l l - lve+l- t2 l ,  that is, 

' 1 ' l t 
(6.19) Iv~+l-t~l > ~  Iv~-v~+ll = 7" 

Now by (6.10), (6.16) and (6.19) we get 

l, provided 0 ~ _ z i - z - <  (6.20) fn(~, d(~)) => Iv,+l-t~l > ~ - �9 

Since r(B)~_G, f rom (6.1), (6.2), (6.4), (6.14) and (6.20) it follows that fB(~, 1)~ 

=~l.fB(z,d(z))>2-~9 provided O~z,--z<-~. Thus we conclude that 

, L . f  t,. d(B) 
f (A(~, 1))~ d~ _-> f (A(~, 1))~ d~ > I, t 2c2 ) = 4(c0 - - - - ~  -~ 2(~,)-'---~" 

o 1 
t ~ - T /  

Lemma 6.1 follows. I 
�9 l < 2 , . t r u a  d ( B )  From now one we can assume tha t ,l -~0,,~,)--- ~ for all..iE[1, n]. 

Let P denote the convex polygon o f  vertices vl, v~ . . . . .  %. Clearly PcB. Next 
we need 

6.2. We have l ( P ) > 4  I(B). I.emma 

Proof. Let Bi denote the convex region bordered by the chord [vi, v,+l] and the 
" t  

arern(v , ,  vi+0. Let 1*={,Eli, n]: angle(v,, w t, v,+l)_~-~- / and x * * = { i q l ,  n]: 

angle (v~, wi, v~+l)<~ �9 

First assume that iEI*. Since ~(v~, v ,+0~ 1, the region B~ can be covered 
by a rectangle of size li• 1, where l~= Iv,-  v,+d. "Ihus by (6.3) we have 

(6.21) Z (l, q- 2) _-->" ,~ length(FB(v~,vl+O ). 
tel* tel* 

Next.assume that i~l**. Let L~ denote the straight line parallel to [v l, v~+ d 
and passing through the centre e of the largest inscribed circle C(r, e) of B. Let L2 
denote the straight line parallel to [v~, v~+d�9 and passing through w,. ,Let {e', c"}= 
= C(r, e) 71L1. We may assume, without loss of generality, that [e', vd M [c", v,+ d = 0. 
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Further, let w'=L~NL(e' ,  v~) and w"=L2OL(e", vt+l). Note that the region 
B~ is contained in the trapezium vl, v~ + 1, w", w', and so we have length (FB (vt, vi + 1))--~ 
~- lv~+l-w"l + Iw"-w' l+  Iw' -  yd. Let v=[vi, vi+~] (q[w~, c]. Observe that 

Iw~-vl ~B(v~, v:+l)  1 1 

Iv-el - r ( B )  - -  ca 1000" 

Since I v - e l ~ d ( B ) < - ~ ,  we obtain I w ~ - v l < ~ .  We clearly have 

Iw'-w"l ~ Iv~-v~+ll : l i ,  

1u  _ _ w n [  ..< t/ = Iw --w/l + [w~--v[ + I v - v / + l l ,  

Iw'-vil ~ lv~-v l+ lv -w, l+ lwa-w' l .  

Summarizing, we have that length(FB(vt, v i + 0 ) ~ - 2 ~ + 3 l l .  Since opt=n- 

-angle  (vi, w~, vt+l) and ~ ~p~=2z, it follows that card I**_~3. Hence 
l = l  

I(B) . , x~ , .<., I(B) . . ,  d(B)<  3 I(B) , . ,  
length (FB(vi, v~+1))~--3..~-:-=-=-r~ z5 ~=~ .3.  .3X i~** Io0u ~**  T6-~ • ~ 1--0-~ ~-~ 

I(B) 12 1(11). Combining this inequality with (6.21), we obtain 
• 1000 = 1000 

(6.22) 988 I ( B ) ~  2 ( l i+2 )<  ,~( / ,+2) .  
1000 = iEI* i = 1  

On the other hand, by (6.9) we have 

n--1  n--1  n--1  7g 

2n = tp, >- Z t p ,  >" Z ~k, >= Z "m'a-x{l:, 2} ' = that is, 
1~1 i = 1  1=1 i = 1  

n-1 1 
Z m &  {li, 2} ~ 2. t = 1  

Hence card {i~[1, n -1 ] :  1i~2}-<_4, and so we have 
Therefore, 

card {iE[1, n]: li~_2}~_5. 

/1 

(6.23) z~(l ,+2) = ~Y. (I ,+2)+ Z (1,+2) _-< 
i = 1  i:l~_2 t :11>2 

II 

~ _ 5 . 4 + 2  Z / ~ _ 2 0 + 2  Z l ~ = 2 0 + 2 l ( P ) .  
1:1~2 i = 1  

By (6.22) and (6.23) we have I(P)>-(~O0 I ( B ) -  10. Since l(B)_->2n, r(B)_~2g. 1000, 

we conclude that I (P)> 1 I(B), and Lemma 6.2 follows. I 
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For any i6Z, let k(i) be the smallest integer k>-i+2 such that 

k--1 d(B) 
l j >  

j=i . . I-1 300 

and let q(i) be the largest integer q<=i-2 such that 

i-1 d(B) 
z~ l j >  

We say that an index i~[1, n-1] and the corresponding chord [v~, v~+d 
7~ 7~ 

are "good" if z~-- Z~ _ l<  ~- and z~+z--z~<~-, where k=k(i)  and q=q(i), respec- 

tively. Note that if the index i~[1, n - I ]  is "good" then ~->z~+~-x~_x, and so by 

(6.9), l~>2. 

Lemma 6.3. Let i~[1, n -  1] be a "'good" index. Then 

1 

f (fB(Z, 1))' dx > 6-~ l,. 
1 

I:l - -~ ' [  

Proof. We shall use the same notation as in the proof of Lemma 6.1. Since lt>2, 

by (6.9) we have z** . _  > n �9 - z l - t P i = m a  x {li, 2} = ~ "  We reeaU: z~'<z~<,~'*. Let 

--,n [ 1 ] z , _ ~ , - ,  --, 1 ~ Sincez-< ~ we clearly have zE(~,~d. (say) z~-~'->-~-.. Let z~ z~ . 

Let uEHP-(v~, v~+0 be that point for which vt, u, vt+x forms a right-angle triangle, 

angle (v~, u, v~+0=---~ and x(u, vl+~)=~. Let vEF(B) de defined by R(V~+l, u)N 

NF(B)={vi+I, v}. Let w=wB(v, el+0, i.e., dist(w]v, v~+l)=~8(v, vi+l). We 
recall: Wi=WB(V~, Vi+~). For convenience, write d(z)=dist(wlv, vi+ 0. Since 
z~z~, we get w~Fa(v,w~). Moreover, since z~'=z(v~,w~)<~---z(v,v~+x), it 
follows that w~F~(v~, vi+0. Summarizing, we obtain w~F~(v, wi)fqF~(v~, v~+0= 
=FB(v~, w~). Repeating the argument in the proof of Lemma 6.1 without any 
modification, we obtain inequality (6.13): 

(6.24) d(z) ~_ Iv z-wl .  Ix~-xl + 1 + lv/-vi+ll �9 [z~-zl- 

Since i is a "good" index, we have angle (v~, w, vi+l)_~n- (zi+a-xl_0_~n- (zk- zj)> 

> ~ - ~ - = ~ - .  Hence 

(6.25) Ivi-wl ~ [vi-vi+xl+dist (wlvi, vz+x) ~- Iv/-v~+ll +dist (w~lv~, vi+0 = 

= l~+~a(vi, vi+O ~- li+ I. 
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f 1 1 
Since "cE['t,-~, ~,] and 1~>2, by (6.24)and (6.25)we have 

1 1 1 
(6.26) d (z) ~_ (/, + 1). T~ + 1 + l,. ~ = 3 + ~ < 4. 
w e  recall (6.10): 
(6.27) fs('c, d(z)) = Iv-v~+ll. 

We claim that  
(6.28) [v,+l, u] c [vt+i, v]. 

Assume, in contrary, t ha t  the arc FB(vi+ I, vi)=F(B)\Fn(vi, v~+l) does intersect 
the line segment [vi+l, u] in the point  v(~v~+l). Then there must exist a chord 
[vj, vj+a], j<=i-1 such that  vj+~CFB(v, vi), [vj, vj+~]A[u, v i i i 0  and 

(6.29) z i - r y  -> z - a n g l e  (u, v~, vi+l) = ~-+(zi  - z). 

Let z~=[vj, vj+df')[u, v~]. Let ~ denote the straight line parallel to [u, vi] and 
passing through the centre c of  the largest inscribed circle C(r, c) of  B. Let ~= 
=L(v i ,  v~+0f-)~,, ~=L(v~, vj+x)f-)L, x=L(v~, v~+0f-)L(vj, vj+l) and y = L ( c ,  x)A 
f-)[u, vi]. Observe that  x, ~7, i and  x, vt, z~ are homothetic triangles. ~lhus we have 

(6.30) 

Since 

(6.31) 

we have 
(6.32) 
Moreover, we have 
(6.33) 
Thus, by. (6.30)--(6.33), 

i x - y l  Iz~-vil 
Ix-el  li- l 

lu-vt l  = Iv~-vi+al" sin (~i-z)  <- It. sm <- 1, 

Iz~ I < l u  v ~ l < l  - - V  i ~___ ~ : . 

[~--vl --> 2 r ( B ) - 2  =~ 2c9-2.  

I x - y l  1 
Ix-cl - 2c9 -2  ' 

and so we have 
1 

(6.34) Ix-yl  <-- 2c0-3 "lY-cl. 
By (6.31), 
(6.35) [y -e l  =< Ic-vil  + Iv~-yl <= d(B)+ [u-vll  =< d(B)+ 1. 

Combining (6.34) and (6.35), we have 

1 
(6.36) l x - y l  ~- 2c9---------~ (d(B)+ 1). 

On the other hand, by (6.32), [z~-y[ .+ lY-  Yil - [ z ~ -  vtl -< 1, thus we have l v t -  x[_~ 
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< - I y - x l + l v : y l ~ _ l x - y l + l  and [ z : x l ~ _ l y - x l + l z : Y l _ l x - y l + l .  
Hence, by (6.36) 

(6.37) Iv , -xl  + l z : x l  ~ 21x--yl+2 "< 2 (d (B)+  1)+2 
- - 2c9 -3  - 

d(B) 3 a ( B )  d(B) < 2 (a (B)+I )+  < < . 
-- 2ca--3 ca co 300 

Thus by (6.3) and (6.37) we have 
i--1 

(6.38) ~ l, ~_ length (FB(vj+~, v,)) ~_ length (Fa(z~, x~)) ~_ 
t = j + l  

I v : x l + l z ~ - x l  < d(B) 
- -  3 " 3 - ~ "  

7Z 
Since by (6.29), z, zJ= 2 + ( z i - z )~ -~ ,  inequality (6.38) contradicts 

hypothesis that the index i is "good".  "Ihis proves relation (6.28). [ 1 ] 
Now by (6.27) and (6.28), we have with zE z t - -~/ ,  zt , 

to the 

(6.39) fB('c, d('c)) >= Iv,+x-ul = It. cos (z i - z )  _~ I,. cos => I l �9 cos > ~ ' .  

Summarizing, from (6.1), (6.2), (6.4), (6.26) and (6.39) it follows that  fB(z, I ) ~  
1 >=lfn('c,d(z))>- ~ whenever ~ [ ~ , - ~ ,  x,].  Hence 

1 

tf + 1"-~" 

f 
1 

and Lemma 6.3 follows. I 

We recall: 

Since by Lemma 6.2, 

(fB (~, I)) 2 d~ > 7 "  = 6--~' 

max li < 2 d(B) 
l~_l~;n C9 

l ( p ) > l  I(B)I we have 

d(B) 
500 " 

�88 �88 4 
(6.40) l~_,_~,max l: < d(B) < l(B) < l(P) < " i -~"  

Hence one can partition the interval [1, n -  1] into subintervals Ix, 12 . . . .  ,Im such that  

l(P) l~P) 
(6.41) 2 - - i -~  > j ~  Ij _~ 150 for all rE[l,  m]. 
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Let / , =  {iv_l+ l, iv_x+2 . . . .  ,iv}; io=O<ix<i2<.. .<im=n--1. Since ('ct~--%~)+ 
+ (zi~-- zil)+ ... + (zim-- zi,,_~)= z,_l-- %= Zn-X-- (Z,-- 2n)= 2n-- (z,-- z,-x)< 2n, there 
are at most 11 indices ij such that 

(6.42) "qj-%~-t --> ~ -  

We call them "forbidden" indices. 
We say that an index iv is "nice" if there is no "forbidden" index in the set 

{i~_2, iv-x, iv, iv+x, iv+z} (let im+x=il). Clearly there are at least m--55 "nice" in- 

among i,, l~_v~_m. Since by Lemma 6.2, I ( P ) > 4 I ( B ) > 2 d ( B ) ,  we dices have 

(6.43) l(P.___~) > d(B._____~) 
150 300 " 

From (6.41)--(6.43) it follows that if iv is "nice" and jEI~, then j is "good" .Since 
there are at least m - 5 5  "nice" indices among {iv: l<--v-<m}, by (6.40) and (6.41) 
we have 
(6.44) Z lg ~ Z Z l~ _-> 

l : a J ~ n - - 1  : 1 ~  v:~ra: j E I  v 
j is " g o o d "  v is  "n ice"  

Z I j - 5 5 . 2  = 1 250 15 - - 3 -  
v = l  . I E I  v 

Next we are going to find a lot of "good" indices iE[1, n -  I] such that the 
[ , 1] 

angle-intervals , ~ - ~ ,  ~ i + ~  (mod 2~) are pairwise disjoint. 

L e n a  6.4. Let therebegiven t points p~, p~ . . . . .  Pt on theunit circle C=C(1,  0)= 
. 1 

= {xER z: Ixl= 1}. Let oq <-1,  o~_ 2 . . . . .  ~,~--~ be positive real numbers. Let 

[p~-0q, Pt+~i] = {qEC: the length of the arc joining q and pi is -<_~i}. 

Suppose that for  any iE[1, t], 

(6.45) card {jE[1, t]: OjE[Pi-~, P~+~]} ~- 2. 

Let i0E[1, t] be an index such that u~.= rain ~.  Write J=J(io)= {jE[1, t]: 
l ~ _ i ~ t  

[pj--~,  pg+~zj]f"l[p~o--u, o, p~o+~j#O}. Then 

1 1 1 

Proof. Let p', p" denote the end-points of the arc [Pto-~to, P~o+~o]. The straight 
line L(p~, 0) passing through p~ and the centre 0 of C splits C into two half-circles 
C '  and C". Suppose that p'EC" and p"EC". Let 

J" = {jE[1, t]: pjEC'\[p~o-a~o, pto+~o] and p 'E[pj-al ,  pi+~1]} 
and 

J" = {jE[1, t]: pjCC'~Pto--~to , pio+~o] and P"E[gj-*r Pj+~j]}. 
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From (6.45) easily follows that card {jEJ': PjE[P'--~to, p '+~ j}_2 .  Similarly, 
for any integer k ~  1 we have card {j6J": p~E [p ' -  2 k. Uto, P'+ 2t" U~o]\[P'- 2k-ix 
X~io, p '+2 k-t'~J}<--2. Hence 

(6.46) 

Similarly, 

(6.47) 

~ , 1  2 . 1 + 2 . 1 + 2 .  1 +2.  1 +2.  1 + . . . .  6 .  
J E J' O~j ~io ~io /OQo q~lo ~ i e  0~lo 

1 6 
z ~  m ~_ u . 

js ~ j  O~i o 

Finally, by (6.45)--(6.46) we have 

s~'~sl <_ Z,____I + Z __1 +2.  1_ ~_ 1_..4.4, 
�9 JEJ ~ j  JEJ O~j ' ~io O~io 

and Lemma 6.4 follows. I 

Now let jlf[1, n-1]  be a "good" index such that l A is maximal. Throw 

[ 1., ~ , + 1 ]  ( m o d 2 r c ) ~  and that "good" indices i for which the sets z , - i . ,  away 

zj~-L--,zjl+ (mod2rO have common point. Let ]3 be a "good" index 

from the remainder such that ls, is maximal. Again throw away that "good" indices 
[ 1] [ 1 1]  1 z i + ~  (mod2~) and z j , -~ , , ' r j ,+-~ ,_  (mod 2~) i for which the sets " q - ~ '  i J, s.- 

have common point. Let ./'3 be a "good" index from the remainder such that ls3 is 
maximal, and so forth. Repeating this simple greedy algorithm we obtain a sequence 
Jl,J2,Js . . . .  of indices in [1, n-1].  We call them "special" indices. We recall: if 
i~[1, n -  1] is "good" then l~>2. Hence by (6.9) we have 

~ 2 
(6.48) "ci+z-~i-I ~- max {l,, 2} ~ "~/" 

Therefore, we can apply Lemma 6.4 in each step of the previous greedy algorithm 
1 

with pi=e(zt)=(cos z~, sin zi)EC and ~ = ~ .  Note that relation (6.48) guarantees 

the fulfilment of hypothesis (6.45). By Lemma 6.4 we have 

1 
(6.49) ~_~, l s ~  ~ 1 s. 

l _ j _ n - - l :  - -  T 4  i~_j~_n--l" 
j is "special" j is "good" 

Combining (6.44) and (6.49), we get 
l(P) 

(6.50) Z Is> �9 
l~j~__.--1 70  

j is "special" 

Now we are ready to complete the proof of (6.5). From the construction of 
"special" indices above it follows that if both./and k are "special" indices in [ 1, n -  1], 
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[ 1] [ . r k _ l ,  rk +/__] are disjoint (mod 2tO. then the intervals z j - ~ , ~ j + ~  and t ,k lk, 

Since {j~[1, n - 1 ] :  j is "special"}c{j~[1, n - 1 ] :  j is "good"}, by Lemmas 6.2-- 
6.3 and inequality (6.50) we have 

1 

f (,, 1)), d,  > 
0 l ~ _ j ~ n - - l :  1 

j is "special" rd--~- 

1 1 1 
> -- Z lj > I(P) > I(B) > 

64 l~_~_.-t: 64.70 64.70- 4 
j is "special" 

2 
64- 70.4  d(B) > 10 -4. d(B), 

and (6.5) follows with c n =  10 -4. 

7. Proof  of Lemma 4.2 - - U p p e r  bound 

We shall show that 
2~ 

(7.1) f (fB(*, 1)) ~dz <- Cxo.d(B) provided r(B) _~2. 
0 

We use the same notation as in Section 6. Let 19= {x~R2: inf [ x - y [ ~  1}. Clearly 
yEB 

DDB is a smooth compact convex region. Let Zl, z2 . . . . .  Zm be points on the 
arc F(D) in counter-clockwise direction such that z(z~, z2)=0, fiD(Z~, z ,+l)=~= 
= l - cos ( i t / 8 ) ,  l<-i<=m-1 and 3,(zm, z0<=fi=l-cos(lr /8) .  Let Q denote the 
convex polygon of  vertices Zx . . . . .  z~. We have B=QcD. Let 0,=z(z,, Z~+x), 
l<=i<-m--1 and O,,=z(z,,,zt). Clearly O=Ot<02<...<Om<27r. 
convenience, write 

Zk.,,+~=Z~, kEZ, l~_i<--m and 

Ok.re+l= Oi+k.27r, k~Z, 1 <= i<- m. 

For notational 

Let l l=[z , -z ,+l [ ,  i~Z. Let w,=wD(z~, z,+l), i.e., wiEFD(z,, zi+l) satisfies the 
equation dist (w~lz~, z~+0=6~(z~, Z~+l). 

We claim that 
(7.2) Is = Iz~-zi+d => 2 sin (1r/8) 
and 

(7.3) Oi+~-O~ <= -f for all iCZ. 

In order to verify (7.2) and (7.3), we introduce the following concept: A disc of 
radius O is Said to roll in a convex region D if for each point of F(D) there is a disc 
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of radius 0 contained in D and containing the point. W. Blaschke [2] and D. Koutrou- 
fiotis [5] proved the following result. 

Let the convex region D have curvatures. Then the following propositions 
are equivalent: 

(7.4) The curvatures of D have upper bound 1 
q 

(7.5) A disc of radius Q can roll in D. 

From the above-mentioned construction of our D it follows that a disc of radius 
~= 1 can roll in D. ] he  equivalence of (7.4) and (7.5) yields that the curvatures of 
D are ~ 1. Let T(Zl) denote the tangent of D at zIEF(D), iEZ. Since 6D(z~, Zi+x)--- 6=  
= l - c o s  (re/8), we conclude that l~=[z~-Z~+x[_~2 sin (n/8) and 

(7.6) angle(T(zi), T(z,+0) -< 4 '  iEZ. 

Now by (7.6) we have 0,+t-0,~_angle (T(z,), r(z,+2))=angle (r(z,), r(z,+x))+ 

+angle (T(zi+0, n n n T(z i+2) )_~-+~-=~  - . q-bus relations (7.2) and (7.3) are proved. 

Next we show that if i #  0 (mod m) then 

(7.7) 0t+1--01-1--~ 201----7" 
By (7.6)wehave 

(7.8) ~r ~-- angle (T(zt), T(z~+l)) _-> n - ang l e  (zi, wi, Zi+l) => ~bi 
4 

where $1E[0, 4 1  is the solution of the equation 

tan ($,I2) = 2__~_~ = 2(1 - cos  (n/8)) 1 
l~ l~ > 10/---~-." 

Since x_->~ - tan (x) for 0=<x_~ n/8, by (7.8) we have 0~+t- 0i-l-~ angle (T(z3, T(zt~-l))- ~ 

~_L 4 (~Z) ~ 1 n and (7.7) follows. -~$~=2. --~2. tan > 2  4 10l~=20l i  ' 
Let *E[0, 2n) be arbitrary but fixed. We have *E[0k, 0k+l) for some kE[1, m]. 

Let u '=  u'(,) and u"=u"( , )  be points on F(Q) such that z(u', u " ) = ,  and 6Q (u', u")= 
=dist (Zk+llU', u")=2. Let v', v"EF(B) be the end-points of the chord [v', v"]= 
=[u', u"]f~B. Write d(z)=SB(v', v"). Simple geometric consideration shows that 
2 - 6 = 2 - - ( 1 - c o s  (7~/8))__d(T)--2, and so we have 

(7.9) 
Clearly 
(7.10) 

1 ~_ d(~)  ~_ 2. 

= I v ' - v " l  
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There is a point uoEL(u', u") such that angle (u', u0, Zk+~)= angle (u", uo, zk+x) = lr/2. 
We have 

(7.11) lu'-u"l ~ lu'-uol +lu0-u"l. 

First we give an upper bound to [u'-u01. Let j=j(~)<-k be the smallest 
integer such that Oj~_z-~r[2 and 

k 

2 >  ~ l~.s in(z-03.  
i=j+l  

Let l~ be the largest positive real number such that l~<=lj and 

k 

(7.12) 2 ~ / ~ - s i n ( z - 0 ~ ) +  ~ / , -s in(T-03.  
i = j + l  

Simple geometric consideration shows that 

k 

(7.13) [u'-uol <- l~+ Z l~. 
t = j + l  

We claim that 

k 

(7.14) l~+ Z l, <- 21(Ik_~+Ik_a)+l k provided j = j (z )  ~_ k - 4 .  
f = j + l  

Using the elementary inequality sin x =  > 2  x for 0-<_x~_~ -,  by (7.12) we get 

(7.15) 2 --> l~. ~-- + l~. --0i). 
~ / = j + l  

At least one of the numbers k - 1  and k - 2  is 5 0  (modm). Let (say) k - 2 ~ 0  
(mod m). Then by (7.7) we have for any i~  k -  3, 

7~ 

(7.16) ~-0~ ~_ Ok~-l--Ok-a -> 20/k-2 " 
Combining (7.15) and (7.16) we have 

2 n k - 3  
2>---- - .  .(l*+ Z l,), 201k-z i=j+l 

that is, 
k - - 3  

(7.17) 2o/k_, _~ t} + S /,. 
i = j + l  

Now by (7.17) we have 

k k - - 8  

l , +  Z l , = l * +  • l'+lk-~+Ik-l+Ik~--21(l~-~+Ik-1)+lk, 
t=l+X /=1+1 

and (7.14) follows. 
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From (7.13) and (7.14) it follows by a little calculation that 

k k 

(7.18) lu'-UoP -----(l•+ .~ l,)' --~ (42) 2. ((i~)2+ .~ l~). 
tffij+'t i - j + x  

For every iE[1, m] and 0E[0t-~r, 0~+n), let 

1-o{,, �9 o,+ l 
g~(0)-  [ 0 , -  if OE[O,-n,O,+~r)\[O,-.~,= O,+-~],Tr 

and extend it to a 2n-periodic function g~(x), xER. From (7.15) immediately follows 

that l~ -~ zc and 1:~_ ~ for all j=j(z).<i<=k. Thus by (7.18) we have 
- r  0 1  �9 - O~ 

(7.19) lu'-,~l'- ~- (42),. ((:D'+ Z ID -~ (42) , . ( (g , (O) , ) .  
l f f i j + l  

Repeating the same argument, we obtain that 

(7.20) luo-u"P ~- (42) 9- (~= (g,(z))~). 

Combining (7.10), (7.11), (7.19) and (7.20) we have 

m 

(7.21) (fB(T, d(~))) 2 ~ lu ' -u" l  2 ~ 2( lu ' -uol2+luo-u" l  ~) ~ (84)2. (,=_~x (g,('0)2). 

A little calculation shows that for any iE[1, m], 

2~ 

(7.22) f (g,(z))' d~ < 4re. l,. 
0 

Thus by (7.21) and (7.22) we conclude that 

(7.23) 
2 ~  2 g  m 

f (f.(~, d(~)))2 dr ~_ (84) 2. ,_~ / (g,(z))' dx < 
0 

m 

l,) = 4 ~ .  (84) 2. l(Q). < (84) ~ �9 4re(,= 

We clearly have (note that r(B)_~2) I(Q)~_I(D)~_4d(D)~_4(d(B)+2)~_6d(B). 
Hence by (7.23) we have 

2 ~  

(7.24) f (fa(~, d(x))) 2 d~ < 4re. (84) 2 �9 6. d(B) < 10 e �9 d(B). 
0 
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Finally, from (6.2), (6.4), (7;9) and.(7.24) it follows that 
2~ 2r~ 

f 1))~dz <- 4f (fn(v, d('c)))~dz < 4.  106.d(B), 
0 o 

i.e., (7.1) holds with c10 = 4.106. 

Thus Lemma 4.2 is proved. II 

This completes the proof of  Theorem 1.1. 1 
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