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In this paper we complete the proof of the following conjecture of L. Moser: Any convex
region of area n can be placed on the plane so as to cover =n+f(n) lattice points, where f(r1) = .

0. Introduction

We recall the main result from Part I of this paper (see Section 1 in [1]).

Theorem 1.1. There is a universal function f(x), f(x)=xY* for x=c, (where ¢, is
an ““ineffective” absolute constant) such that any convex region A of area x can be
placed on the plane so as to cover at least x+f(x) (or at most x—f(x)) lattice points.

For any compact and convex region B on the plane, let d(B) and r(B) denote
the diameter of B and the radius of the largest inscribed circle of B, respectively.
Let p denote the two-dimensional Lebesgue measure (i.e. the usual area).

For any bounded set ScR? and x€R2, let

2(S, x) = card (S+x)NZ2,

i.e., the number of lattice points covered by the translate S+x of S. For any posi-
tive real number £¢€(0, 1/2], let

1
g(Ss X, 8) - 2_8? [_a_’/;)! g(Sa x+y) dy'
Note that g(S, x, 1/2)=pu(S) if S is Lebesgue-measurable and Li_{% g(S,x,e)=g(S5,x)

if there is no lattice point on the boundary of S+x.
Given any angle t€[0, 2r), let 7S denote the rotated image of ScR2 Let
%%*=[0, 1)%. In Section 2 of [1], we have derived Theorem 1.1 from the following

estimate.

Theorem 2.1. There exist an “ineffective” absolute constant ¢, and an “effective”
absolute constant c¢;>0 such that for any convex region A with p(A)=c, and

AMS subject classification: 10 J 25, 10 K 30



160 J. BECK

r(4)=1/9, we have with &,=(d(A))=®,

1 2

f ( f(g(TA, s &) — [J(A))z dy] dr=¢; - (d(A))sv/mo'
%]

gy

In Sections 3—4, we have derived Theorem 2.1, using Fourier Analysis, from
the following two lemmas.

For any B€[0, 2x), write e(f)=(cos B, sin ). Let h,.,(f, ») be the Eucli-
dean Iength of the chord

{yed+v: y-e(® =y}
We say that & 4.(f, y), FEI0, 2r),; y€R is the chord function of A+ v.
Let

M;-,v = sup {xGR: hA+v(ﬂa x) = 0}
and
My, = inf {x€R: h4y,(B, x) > 0}.

Clearly Dy=(Mj,—Mjp,) is the length of the projection of 4 onto a straight line
parallel to the unit vector e(f).

Let e=gy=(d(A))~*. Let #€(0, 1/100). Let {¢} denote the fractional part
of the real number ¢, ie., é=[¢]+ {¢}.

We shall denote the distance from the real number £ to the nearest integer

by €l ,
For any B€[0, 2x), write

V(B =V,(8) ={veR®: |v| =1 and one can find positive integers
k=k(@B v), I=1(,v) such that

; 1
=(k2L+ P2 = —
Tosy = k2+1)2 = 5oy and furthermore,
Ik2+IY2- Mg | =31 and 5= {(*+P)"Mf,} = 21},

where {v: |v|=1}={v=(v, v,): vi+0vi=1} is the unit disc.
We are now able to formulate the two lemmas '

Lemma 4.1. If 1/100=#=2-(d(4))"1° and p(A) is larger than an “ineffective”
absolute constant, then u(V(B))=u(V,(B))=n uniformly for all B€[O, 2x).

The second one is a purely geometric lemma.
Given a convex region B, an angle B€[0, 2x) and a real number y=0, write

0.1) /5B, ¥) = hg4\(B, M[Z_,v+y)
where

- Mz, = My, (B) =inf {xéR: hg, (B, x) > 0}.

Observe that the right-hand side term in (0.1) is independent of the value of vERe.
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Lemma 4.2. There are (“effective”) positive absolute constants ¢y, ¢1q and ¢;; such
that for any convex region B with r(B)=c,,

co-dB) = [ (fo(B, D) dB = eyy- d(B).

Section 5 was devoted to the proof of Lemma 4.1.

In the proof we used a particular case of the following very deep theorem
of W. M. Schmidt in Diophantine Approximation: Suppose yy, Vs, ...,y are real
algebraic numbers such that 1, y,, ..., y, are linearly independent over the rationals,
and suppose ¢=>1. There are only finitely many positive integers g with

0.2) g gl lye- gl dyu-gl < 1.

Unfortunately, one can: at present not give an upper bound B=
=B(¥y15 V2, ---» Pi» €) - for solutions g of (0.2). Hence, Schmidt’s theorem is “in-
effective”. This is the reason that our threshold constant ¢, is also “ineffective”.

The object of this paper is to prove Lemma 4.2. In the following two sections
(Sections 6—7, for the sake of unity), we shall prove the lower and the upper bounds,
respectively.

6. Proof of Lemma 4.2 — Lower bound

Let @g(1), 0=1<2r denote the radius of curvature of B (here 7 denotes
2z

the direction of the normal vector). It is well known that f g B (t)df=perimeter (B).
0

2n 2r
If B is an ellipse, then f3(t, 1)~2(2¢5(1))"/% hence f (fulz, 1))2dr=8 f op(v)di=
0 0

=8. perimeter (B), and Lemma 4.2 follows.

Unfortunately, in the general case (i.e., when B is an arbitrary convex region),
the functions f3(r, 1) and (¢p(7))"* (0=t<2n) can have quite different order of
magnitudes, and this natural approach breaks down. We were unable to find a
simple proof; the following one is rather lengthy. We hope that the reader can
essentially simplify it.

We start with some terminology. Let B be a convex compact region on the
X X,-plane=R2 Let I'(B) denote the boundary of B. Let x’,x”€R® be two
distinct points. Denote by [x’, x”] the line segment joining x" and x”, i.e., [x’, x"]=
={o-x'+(1—a)x”: 0=a=1}. Denote by L(x’,x") the straight line determined
by x” and x” (we clearly have [x’, x"]CL(x’,x")). Let R(X’, x”) denote the ray
starting from x” and passing through x”. The directed line x"x” splits the plane into
a positive half-plane HP*(x’, x”) and a negative half-plane HP~(x’, x”) according
as the points x’, x”, any yeHP*+(x/, x”) and x’, x”, any z¢ HP~(x’, x”) are in
clockwise and counter-clockwise orientation, respectively. Similarly, x’, x”splits the
perpendicular bisector of [x’, x”] into a positive part CHP*(x’, x”) and a negative
part cHP-(x’, x”). Let z(x’,x”) be the angle between Xj (i.c., the positive part
of X;-axis) and the positive part of the perpendicular bisector of [x’,x”]. Let
IX—Y|=((xl—y1)2+(xz—yz)g)”z, x=(x1, X)ER%, y=(¥1, yo)ER® denote the usual
Euclidean distance.
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Given v, v, v'eI'(B), let dist (v]v, v") denote the Euclidean distance of

the point v from the straight line L(v/, v*). Let

(v, v") = welrg%va'(. " dist (w|v’, v*)
where I'p(v/, vV)cI'(B) denotes the arc starting from v in counter-clockwise
direction and terminating at v”. Let w=wg(v’, v)EIl'g(¥’, v") be (one of the points)
defined by the equation dist (w[v/, v)=485(V,, v*).

Let r(B), d(B) and I(B) denote the radius of the largest inscribed circle of
B, the diameter of B and the perimeter of B, respectively.

For any B¢[0, 2n), write e(f)=(cos f, sin f). Let hyz(f, x) be the length of
the chord {x€B: x-e(f)=x}. Let Mj=sup {x€R: hz(B, x)>0} and M;=
=inf {x€R: hp(f, x)=0}. Note that M7 =-—My,,. Note further that the straight
lines passing through the points My -e(B) and Mj -e(B), resp. and having angle
B with the X,-axis are tangent to B.

For later purposes we mention here two simple consequences of the convexity
of B: For arbitrary B€[0, 2x),

6.1) if 0<yp=5 then h,,(ﬂ,M;—y)z%-hB(,e,M;—a),
6.2) if 0<d=y=r(B) then
(Mg ~Mz)—y

hB(ﬂ) M;—y)% 'hB(ﬁa M;_a)g

Mj—~Mz)—9

o 2r(B)-y by .
= Srmy—s ol M =3) = 5 hy (B, M* —0).

We shall also use the following well known fact:
(6.3) if A;c A, are compact convex regions then 1(4,) = I(4,).

For any t€[0, 2n) and &¢[0, #(B))], let v'(z, §) and v“(r, §) be two points
on I'(B) such that t(v'(z,d), v'(z, 8))=7 and &,(v'(7, 8), v'(z, 8))=45. Write
Jfe(z, O)=|¥'(z, 5)— v'(1, §)l. We clearly have

6.4 J5(t, 8) = hy(z, M} —9).
Let ¢;=1000. Our aim is to show that if r(B)=c, then

2r

6.5 [ (f3(z, D) dz = ¢y - d(B).

0

We start the proof of (6.5) with the following construction. Let vy, v,, ..., v,
be points on the arc I'(B) in counter-clockwise direction such that t(v,, v,})=0,
0s(v;, vig)=1 for 1=i=n—1 and dx(v,, y=1. Let Li=|v,(—v, .|, 1=i=n-1
and I,=|v,—wv|; 1;=1(v;, ¥;41), 1=i=n—1 and 7,=1(v,, v;). Clearly 0=1,<
< Ty ... <T,<2T.



LATTICE POINT PROBLEM II, 163

An outline of the proof of (6.5) is as follows. Using a simple greedy algorithm
we shall choose indices 1=j<j,<j;<...<n such that the angle-intervals

[t,‘—-—,—l—,rh+-;—] are pairwise disjoint; fp(t, 1)>const-/; for all €

E[Tji Ty, + li] and ljl+lj,+I,a+...>const-(Zn' I})>const-d(B). We then
J'i J i=1
have '
1
tjl lj
f (f5x, D)Fdr = 2 j (f3(z, ) dz > const - d(B),

Tj"—-q-

and (6.5) follows.
For notational convenience, write
VYien+i = Vi keZ, 1=i=n
L =|v—Vi4l, i€Z and
Teme; =T +2n-k, k€Z, 1=i=n.

Let w,=wg(v;, v;4y1), 1€, W; i deﬁned by the equation dist (w;|v;, v;4,)=
=8p(V;, Via). Let tf=1(v;, w) and tf*=t(W, v;yy). Let o=1*—1/=n~
—angle (v;, W;, V;41). Since ‘ri_1<‘t’f<’t;<1:, <T;41, we have

6.6) Tiv1—Ti-1 = @1
For 1=i=n—1, let ¥,€(0, n) be the solution of the equation

(6.7) tan {ﬂ = ——-1-——-— = E

Simple geometric consideration shows that for 1=i=n-1,

6.8 0 = ;.
Since x=min {—Z—-tan ), %} for Oéxé%, from (6.6)—(6.8) it follows that

for Isi=n—-1,

7
6.9 T T EQ EY=2-—~ 5] 22mm{ztaﬂ(ﬁil,—4-}=

= min {E E} =
B L’ 2) 7 max{},2} "
We require

Lemma 6.1. Suppose that there exists i€[1,n] such that I,=|v;— viﬂlé-?—d(B):
9

d( ) 11
=350 T hen inequality (6.5) holds with cn=%r~3 )y 2.10°
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Proof. Let re[r-,-.—?l-, r,-]. Let ' u€HP~(v;, v;4,) be that point for which v;, u, Vit

forms a right-angle triangle, angle (v;, u, vi+1)=g- and 1(w, v;4;)=7. Let veéF(B)

be defined. by = R(Vis, WNT(B)={vi;y, ¥}. Let  w=wg(v, vy,), ie,
dist (wV, v;1.1)=0g(v, v;1+1). For convenience, write d(t)=dist (w|v, v;2,). Ob-
serve that

(6'10) fB(T9 d(T)): V=¥l
We are going to-give an uppet bound to d(z). Let
0= {7(vis W), if WETB(vis vi+1)
T lz(w, v, if wi Ip(v;, Vi)
We have 4
6.11) d(@) = u—v,|+v;—w] - sin (0—7) =
= [V —Vipa| - sin (1, —7) +]v; = W] - sin (0 —7).

On the other hand, by the “maximum distance”. property of w;=wgy(V;, Vi41),
(6.12) ,Vi'—WI . Sln (0_‘[;) = 5B(Vi, Vi.,_l) = 1-
Since |sin «—sin f|=|a—f| and |sin «/=a, by (6.11) and (6.12) we have
(613)  d(@) = [v;—w|-(sin (0 -7) —sin (0 ~7))+[v,—w] - sin (0 —7)+

+Vi =Vl - sin (7;—1) = |v;i—w] - o =1l T4V, — Vil - lr =1l

Since |v;— v, 4|=1;, |v,—w|=d(B), O§‘r,-—‘r§l and by hypothesis i_%—cl——d(B),
A 9
by (6.13) we have

(6.14) d(z)éd(3)~71-+1+1 =242<c

Let C(r, ¢)={x€R?: |[x—c|=r} . be the largest inscribed circle of B, ie,
r=r(B) is the radius and c=c(B) is the centre. Let C*=C(r—1, ¢)={yeR%:
[y—c|=r—1}. Let T, and T, be the two tangents from v; to C* Let y denote the
angle between T; and T,. We have y=w where w is defined by the equation

. (o) _ r(B)-—1
o [7) ~Tam
Thus we get (we also use the fact that r(B)=c,)
o _, (o) 2(B)-2 _ r(B)

5 =2 S‘“(z ) STad® 4B
Since 8p(¥;, V;41)=1, we obtain that the ray R(v,., u) certainly intersects both
tangents 73 and T,. Let t;=R(v;,1, WN7T; and t;= R(v;; @) 7. We can assume
that t,€[v;;,, t,]. Then we have

(6.16) [Vier, V] N B 2 [Vis1s t,].

(6.15) y=2.
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Moreover, by (6.15) we have

. - “r(B) Co

6.17) angle(ty, v;, vip) =7 = Gy = B

On the other hand, .

= 1 _ ¢
=71 =24 2d(B)"

Combining (6.17) and (6.18), we obtain that angle (t,, v;, v;1)>angle (t;, Vi1, ¥;).

Hence |vj4—ty)>[t,—v], and so we have |viii—tl=|vi—viy|—|t—vl|>

>|Vi= V41l =|Vig1— 1), thatis,

(6.18) aﬁgle (tz: vi+1: vi) = T

1, !
(6.19) [Vig1—tof >'§|V1—Vi+1| =’é‘-
Now by (6.10), (6.16) and (6.19) we get
(6.20) fa(r, d@) = [Vip1—ts = % provided 0=r1,—1= 'll

Since” r(B)=c,, ‘from (6.1), (6.2), (6.4), (6.14) and (6.20) it follows that fy(z, 1)=

=i -fa(t, d(r))>lT provided 0=1,—1=— 11 Thus we conclude that
) o

f (fole, D de = f (ates Dpds = 1[5 2’C) ke dB)

t‘—l—

Lemma 6.1 follows. :
From now one we can assume that /,<— d(B)—%(—(l)—g(—))- for all. -i€[1, n].
Let P denote the convex polygon of vertices . vy, v2, .:es ¥y Clearly PCB. Next

we need

Lemma 6.2. We have l(P)>% I(B).

Proof. Let B; denote the convex region bordered by the chord [v;, v;,,] and the
arc I'y(v;, v;4q1). Let I*={i€[l, n]: angle (v;, w;, v,+1)§—g-} and I**={i€[l, n]:

angle (v;, w;, Vi+1)<%}-

First assume that i€I*. Since Sz(v;, v;+1)=1, the region B; can be coverevc'i
by a rectangle of size /X1, where /;={v;—v;,,|. Thus by (6.3) we have

621 ' 621' (h+2) = Z length (F'5(¥;, V;41))-
Next-assume that i€7**. Let L; denote the straight line parallel to [v;, v;4,]
and passing through the centre ¢ of the largest inscribed circle C(r, ¢) of B. Let L,

denote the straight line parallel to [v;, v;4,]-and passing through w;. Let {c’, c”}—
=C(r, ¢)NL,. We may assume, without loss of generality, that ¢/, vJN[¢”, v;.,]=0.
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Further, let w'=L,NL(c,v) and w’=L,NL(c", v;4,). Note that the region
B, is contained in the trapezium v;, v, 1, w”, W', and so we havelength (Is(¥;, Vi 41))=
=|v;41— W]+ W —w|+|w—v]. Let v=[v;, v;,,]N[w,;, c]. Observe that
[w;—v]| - 9p(¥Vi, Vi11)
lv—cl — r(B)

( )

1 1
= e—_——= —
Cy

1000 °

I(B)

Since |v—c|=d(B)<=—z— 3000 "

, we obtain |w;—v|<==-%. We clearly have

W —w| = lv,~vyy| = [,
[Vig1 =W = W —wi| W =]+ |V —v;y4],

W —vi| = |vi—v|+|v—w;| +|w,—w’|.

Summarizing, we have that length (I'p(v, vi11))=2 2(()53 +3l,. Since ¢@,=n—
—angle (v;, w;, v;+1) and Z’ @;=2n, it follows that card I**=3. Hence
1 (B I(B) d(B) _, I(B)

2, length (Ta(ves vi)=3-35055+3 2 h=3 q5a5+3-3-5om<3 1555 +3 3%
B _ 12

1000 — 1000 ——=1(B). Combining this inequality with (6.21), we obtain

988

(6.22) o000

Togo (B = 2, (D) = =21 (4+2).

On the other hand, by (6.9) we have

n n--1 n—1 n-1
2n = = = = that is,
i i==21' P i=21' P i‘=21' w l"Zl' max {ln 2}
n—1
=
S max {I;, 2}

Hence card {i€[l, n—1]: ;=2}=4, and so we have card {i€[l, n]: [;=2}=S5.
Therefore,

(6.23) i =21’ 42 = 3 4D+ 3 (4D =

=5.442 3 I, =20+2 21 = 20+2I(P).

=2

494
1000

we conclude that l(P)>Z-I(B), and Lemma 6.2 follows. |}

By (6.22) and (6.23) we have I(P)=——— I(B)— 10. Since }(B)=2r-r(B)=2x-1000,
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For any i€Z, let k(i) be the smallest integer k=i+2 such that

k—1 d(B) .
22T 30

and let g (¥) be the largest integer ¢g=i—2 such that

-1
Z > d(B)
J=q+1 0

We say that an index i€[l, n—1] and the corresponding chord [v;, v;4,]

are “good” ifrk—r,_1<g- and 1,-+1—rq<—72r—, where k=k(i) and g=g(i), respec-

tively. Note that if the index i€[l, n—1] is “good” then —72—t->‘r,-+1--r;_1, and so by
(6.9), Ii>2'
Lemma 6.3. Let i€[l, n—1] be a “good” index. Then

r+1
e

f (fB(Ta 1))2 dt > 61—4[i'

1
r‘_T,_

Proof. We shall use the same notation as in the proof of Lemma 6.1. Since /=2,

by (6.9) we have t*—1] =cp;%ﬁ—7{r7—2—}=£

1
(say) 7,— 1} _21 Let re[r -——l-, 7;|. Since — T 21,

Let u¢ HP~(v;, vi+1) be that point for which v;, u, v;,; forms a right-angle triangle,
angle (v;, u, vi+1)=% and t(u, v ;)=r1. Let véI'(B) de defined by R(v;s;, w}N

NI(B)={v;4+1, V). Let w=wg(V, ¥;41), ie., dist (w]v, v;11)=05(V, ¥;41). We
recall: w;=wg(v,, v;21). For convenience, write d(t)=dist (w]v, v;+;). Since
t=1;, we get wely(v,w,). Moreover, since t7=1t(v;, W}<t=1(V, V;41), it
follows that weIg(v;, v;;;). Summarizing, we obtain weI'z(v, W)\ 5(v;, ¥;49)=
=TIp(v;, w;). Repeating the argument in the proof of Lemma 6.1 without any
modification, we obtain inequality (6.13):

We recall: tf<t,<7/*. Let

, we clearly have t€(zf, 7).

(6.24) d(m) = lvy—w| - |1 =1+ L+ ]|V, = Vi)« 7 — 7]
Since i is a “good” index, we have angle (v;, w, vi+1)§n—(fi+1—1,_1)§ n— (T, —1)>

T T
>n—-§—=—2-. Hence

(6.25) |vi—w] = |v;— vl Fdist (Wv;, ¥i1) = [V, — Vi +dist (Wi, vipy) =
= li+53(v,-, vi+1) = ll+l.
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Since 7€ [r,—ll, r,] and /;>2, by (6.24) and (6.25) we have

(6.26) d@=0+1D- T +1+l, l: +-ll—i<4.
We recall (6.10):
(6-27) fB(’F, d(T)) = |v—v;.q].
We claim that
(628) [ it+1s u] o [vl'f'l’ V]

Assume, in contrary, that the arc FB(V,.H, V)= (BT 5(Vi> Vi41) does intersect
the line segment [v;;;, u] in the point v( #v,ﬂ) Then there must exist a chord
[vjs Vj+1)y j=i—1 such that v, ;€L (v, V;), [v;, v;41]N[u, v]5=0 and

(6'.29) 7, —1; = n—angle(n, v;, V;;;) = ;;—+(r,-— T)

Let z;=[v;, v;;;]1N[u, v;]. Let L denote the straight line parallel to [u, v;] and
passing through the centre ¢ of the largest inscribed circle C(r, ¢) of B. Let =
—L(v,,v,+1)ﬂL z=L(v; J+1)ﬂL x=L(v;, ¥4 1) N L(¥;, v;41) and y=L(c, x)N

M[u, v;J. Observe that x, v Z aund Xx, v;, z; are homothetzc triangles. Thus we have

ix—yl _ lzi—vi
(6.30) x—d — v
Since ‘
(6.31) =] = |%; =V, - sin (;—7) = ;- sin [ll] =1,
we have )
(6.32) Zi—v] = lu-v| =1L
Moreover, we have
(6.33) 1Z—9| = 2r(B)—2 = 2¢y—2.
Thus, by (6.30)—(6.33),
-yl _ 1
[x—¢] T 2¢,-2"°
and so we have
(6.34) [x—y| = -ic—:i"'ly—cl-
By (6.31), :
(6.35) ly—el = le—vil+|v;—y| = d(B)+|u—v] = d(B)+1.

Combining (6.34) and (6.35), we have

(6.36) Ix—y| = T [@®+1).

On the other hand, by (6.32), |z,—yl+|y— vi=I|z,— v,/=1, thus we have |v,—x|=
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=ly—x|+lv,—yl=[x-yl+1 and |z—x|=ly—x|+|z—y|=|x—y|+1
Hence, by (6.36)

2
6.37) lv,—x|+[z,— x| =2|x—y|+2 = 73 d®B++2=
_ d(B) 3 d(B)
Thus by (6.3) and (6.37) we have
(6.38) 37 1, = length (Fp(¥;41, V) = length (Fa(zi, %)) =
1=j+1
. d(B
= |vy—x|+]z;—x| < —3-((%-
Since by (6.29), T—t1;= +(‘t t)%%, inequality (6.38) contradicts to the

hypothesis that the index i is “good”. This proves relation (6.28).
Now by (6.27) and (6.28), we have with ¢ [1;-——11_—, 1:,],

(6.39)  fz(r, d(2)) = [v;y1—ul = l;-cos(z;—7) = I;- cos (ll] = I,-cos (%] > —lzi
i

Summariziﬁg, from (6.1), (6.2), (6.4), (6.26) and (6.39) it follows that fi(r, D=

z% fa(z, d(-c))>% whenever TE[’L‘,-—-I—, 7;]. Hence
i

t,+1 .
2 1 (1 l
f (fa(z, 1)) dr>__.[§‘] -k

‘t'i—-l—-
i

and Lemma 6.3 follows. J]

We recall:
dB)
X <o d(B) 500
Since by Lemma 6.2, l(P)>% I(B), we have
2 1 l(P)
(6.40) max L=< —c:d (B) < = I(B) < — l (P) < <50
Hence one can partition the interval [1, n— 1] into submtervals L, 1, ..., I, such that

I(P) >~ 3= ﬂ for all ve€[l, ml.

64D 2750 74,7 = 150
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Let I,={i,_y+1, zv_1+2 b))y g=0<p<iy<..<i,=n—1. Since (t,—1,)+
+ (=)t (T, =T, )T T To= Ty — (T, —21t) 2n—(t,—1,_1)<2m, there
are at most 11 indices i; such that

(6.42) 7

We call them “forbidden” indices.
We say that an index i, is “nice” if there is no “forbidden” index in the set
{iy—asiy—1siys Byers ivsa} (let i,,.,=10). Clearly there are at least m—55 ‘nice” in-

IIV

—Ti

T
-1 =6

£

dices among i,, 1=v=m. Since by Lemma 6.2, l(P)>— l(B)> d(B), we have

I(P) _ d(B)
150 300 °
From (6.41)—(6.43) it follows that if i, is “nice” and j€1,, then j is “good” .Since

there are at least m— 55 “nice” indices among {i,: 1=v=m}, by (6.40) and (6.41)
we have

(6.43)

(649 2 L= 2 2=
1=j=n-1: 1Svsm Jelr,
7 is *good” v is “nice”
m B I(P) ( 1 11) 1(P)
é;jzl 55-2 52 = 1(P)~l,—1= l(P) -5z~ 13 1) > —5~.

Next we are going to find a lot of “good” 1nd1ces i€[1, n—1] such that the

angle-intervals [‘ri—l—li, ri-}-l—l_] (mod 2r) are pairwise disjoint.

Lemma 6.4. Let there be given t points py, Pas ..., Py on the unit circle C=C(1, 0)=
={xeR?: [x|=1). Let ocl_2 . cx2§7,..., a,é-;— be positive real numbers. Let
[pi—a;, pi+ 2] = {g€C: the length of the arc joining q and p; is =a;}.

Suppose that for any i€[1, t],

(6.45) card {je[l, 11: pyelp—ay, P+ o]} = 2.

Let iy€[l,t] be an index such that o= mlxgt o. Write J=J(,)={j€[l, 1)
[p;—oy, P+ o] NP, — iys Pig 00 120}, Then

1151
%io 14,6_,0(-'

IIV

Proof. Let p’, p” denote the end-points of the arc [p;,—a;,, Pi,+ o). The straight
line L(p;, 0) passmg through p; and the centre 0 of C splits C into two half-circles
C’ and C”. Suppose that p’¢C” and p”’€C”. Let

= {jelL, 1 pe C'\Ip;,—%,» Pio+oy] and  Pelp;—ay, py+o,l}
J" = {je[l, 1: p;€C™\Ip;, —%,» P+, and p7elp;—o;, pit+oyl)

and
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From (6.45) easily follows that card {jeJ’: p,€[p'—a;,, p'+a;J}=2. Similarly,
for any integer k=1 we have card {j€J’: p;€[p'—2*- o, '+ 2. oy \[p'— 251X
Xy, P+25"1- o, ]}=2. Hence

(6.46) J_EZJ'-&; = 2-a;+2-?io-+2- T +2. G, +2- B, +..= -E;:.
Similarly,

1 6
(6.47) —_—= -

and Lemma 6.4 follows. J
Now let ji€[1,n—1] be a “good” index such that /; is maximal. Throw

away that “good” indices i for which the sets [Ti—ll, T‘+ll] (mod 2n) and
1 i

[rj —-l—l—-, T f‘+IL] (mod 27) have common point. Let j, be a “good” index
j J
from the remainder such that / ;, is maximal. Again throw away that “good” indices
i for which the sets [ri—ll, T +ll] (mod 2zm) and [rj,— l—l—, TJ:'*‘IL] (mod 2m)
i i Je Ja

have common point. Let j; be a “good” index from the remainder such that /; is
maximal, and so forth. Repeating this simple greedy algorithm we obtain a sequence
Jis Jos Jas --. Of indices in [1, n—1]. We call them “special” indices. We recall: if
i€[1, n—1] is “good” then /;>2. Hence by (6.9) we have

71: T 2
(6.48) Tig1—Ti-1 me—{l,-_,—ZT =7 > T

Therefore, we can apply Lemma 6.4 in each step of the previous greedy algorithm

with p;=e(z;)=(cos 7;, sin 7;)€C and oc,-=-l— . Note that relation (6.48) guarantees

A
the fulfilment of hypothesis (6.45). By Lemma 6.4 we have
1
(649) 1§j£—-1: lj = TZ i§j_5_2n’—1: lj.
J is “special” J is “good”
Combining (6.44) and (6.49), we get
1(P)
(6.50) 1§j‘§2n'—1 I > T
7 is “special”

Now we are ready to complete the proof of (6.5). From the construction of
“special” indices above it follows that if both j and k are “special” indices in [1, n—1],



172 J. BECK

then the intervals [rj—li, 1,+ll] and [T"—ll’ T +Ii] are disjoint (mod 2x).
j 7 k k

Since {je[l,n—1]:j is “Jspecial”}c{ J€[l,n—1]: j is “good”}, by Lemmas 6.2—
6.3 and inequality (6.50) we have

1
t-’+l_—

[ (s Dpdr= P f (fa(x, D)2 dr >

] n—
J is “special’” tf—i—
E

1 1

’6_41§,-§_1: = %70 70 70 ' P = 03

J is *special”

1(B) >

2
64-70-4

and (6.5) follows with ¢;;=10"%,

d(B) > 10~-d(B),

7. Proof of Lemma 4.2 — Upper bound
We shall show that

(¢A)) ‘ f " (fs(z, D)2 dr = ¢y9-d(B) provided r(B)=2.

We use the same notation as in Section 6. Let D= {xcR?2: mf [x—yl=1}. Clearly

D>oB is a smooth compact convex region. Let z,, z,, ..., z,,, be points on the
arc I'(D) in counter-clockwise direction such that t(z;, z,)=0, p(z;, Z;+1)=0=
=1-—cos (n/8), 1=i=m—1 and dp(z,, z,)=0=1—cos (n/8). Let Q denote the
convex polygon of vertices z, ..., z,. We have BcQcD. Let 0;=1(z;, z;4,),
l=i=m—1 and 0,=1(z,, zl) Clearly 0=0,<0,<...<0,<2rn. For notational
convenience, write

nd

=%}

Lemsi =2 k€EZ, 1=i=m
Opr;=0;+k2r, k€Z, 1=i=m.
Let [;=|2,—2.,|, i€Z. Let wi=WD(Z;" Ziy1), 1e., w;€Ip(z;, 2;4,) satisfies the

equation dist (W;|2;, Z;+1)=0p(Z;, Z;+1).
We claim that

(7.2) li = IZ,-—-ZE_HI = 2 Sin (7t/8)
and
(1.3) O01—0,= ; for all i€Z.

In order to verify (7.2) and (7.3), we introduce the following concept: A disc of
radius g is said to roll in a convex region D if for each point of I'(D) there is a disc
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of radius ¢ contained in D and containing the point. W. Blaschke [2] and D. Koutrou-
fiotis [5] proved the following result.

Let the convex region D have curvatures. Then the following propositions
are equivalent :

7.4) The curvatures of D have upper bound %

7.5) A disc of radius ¢ can roll in D.

From the above-mentioned construction of our D it follows that a disc of radius
¢=1 can roll in D. The equivalence of (7.4) and (7.5) yields that the curvatures of
D are =1. Let T(z;) denote the tangent of Dat z; EF(D) i€Z. Since dp(z;, 2;4,)=0=

=1-—cos (n/8), we conclude that /;=|z; —z;,,|=2 sin (=/8) and

(7.6) angle (T(z,.), T(2;41) = %, icZ.

Now by (7.6) we have 0,+1-—6,_ang1e (T(z)), T(z:42))=angle (T(z), T(2;+1)) +

+angle (7(z;+1), T(z,.,.z))._ +T . Thus relations (7.2) and (7.3) are proved.
Next we show that 1f iz0 (mod m) then

1.7 ‘ Op41—0;1 = %li

By (7.6) we have

(7.8) % = angle (T'(z), T(z:+1)) = n—angle (z;, Wi, z,41) = ¥

where € [0, %] is the solution of the equation

2(1 —cos (n/8)) 1

tan (,/2) = = I > o7,
Since ng— tan (x) for 0=x=n/8, by (7.8) we have 0, ,,— 6;_, =angle(7(z), T(2;+1))=
A Vi (l//:) 1 =
=y;=2. 722 Ztan ) >2'Z_'10_l' B and (7.7) follows.

Let t€[0, 2n) be arbitrary but fixed. We have t€[0;, Oy 4,) for some k€[l, m].
Letw'=u'(t)and u”=u"(z) be points on I'(Q)such that (v, u”)=7 and dy(u’, u”)=
=dist (z;.,/u’, u")=2. Let v, v'€I'(B) be the end-pomts of the chord [V, v']=
=[w, u”]NB. Write d(t)=4d,(V, v*). Simple geometric consideration shows that
2—-8=2—(1—cos (n/8))=d(r)=2, and so we have

(1.9) 1=d@@) =2
Clearly ' ‘
(7.10) fa(r, d@) = v —v'| = o’ ~u’].
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Thereis a point u,€ L(w’, u”) suchthat angle (W', u,, z;,,)=angle (", vy, z;,,)=nf2.
We have

7.1 [0 —u”] = |0 —uy| 4wy —u”|.

First we give an upper bound to |u'—wy|. Let j=j(r)=k be the smallest
integer such that 8;=t—=/2 and

k
2> 2 I-sin(z—6).

i=j+1

Let I} be the largest positive real number such that /f=/; and
k
(7.12) 2=1f-sin(z—~0p)+ > I;-sin(z—0).
i=j+1
Simple geometric consideration shows that

k
(7.13) W —ul=05+ > L.
i=j+41
We claim that

k
(7.149) B+ 3 L=21(h-o+ -1+, provided j=j(t)=k—4.
i=j+1

Using the elementary inequality sin xz% x for 0<x§3 , by (7.12) we get

. 2 ko2
(7.15) 2%1}“7—{(1“‘0‘;)"" Z li'?(’t'—el).

i=j+1

At least one of the numbers k—1 and k-2 is 0 (mod m). Let (say) k—2%#0
(mod m). Then by (7.7) we have for any i=k-3,

(7.16) =0, = 0,.,

-8 = ._n___
k=3= 208,
Combining (7.15) and (7.16) we have :

2 *
2= ~ 201,, - & +WZ' 1),
that is,
k-3
(7.17) 205 .=+ X L.
i=j+1

Now by (7.17) we have

G+ l;’ L= l*‘*‘ 2 Lt bootbost b =21 o+l +1,,
=71

and (7.14) follows.
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From (7.13) and (7.14) it follows by a little calculation that

k k
(7.18) W —ugl? = (1;*+i %’ L? = @22-((n*+ 3> B).
=j+i

i=j+1

For every i€[l, m] and 0€[0,—=, 0;+ ), let

min {l,, _n_}’ if 05[9,_2, gi.;._’i]
2:(0) = 166y 2 2
o, it oelo-m 0 +mN|0-%, 0+%],

and extend it to a 2n-periodic function g;(x), x€R. From (7.15) immediately follows

that If= py and /= - for all j=j(t1)<i=k. Thus by (7.18) we have
—9, —6,
k n
(7.19) [u” —u,f? = (42)*- ((17)2-'-: % . 1) = (42)* (1_21 (g:(®)?).

Repeating the same argument, we obtain that
(7.20) o -l = (420" ( 3 (s:C0)?)-
Combining (7.10), (7.11), (7.19) and (7.20) we have
(121 (fola AN = W —u'P = 20—+l —u'P) = (647 (3 ().
A little calculation shows that for any i€[1, m],
(1.22) f2 ’ (g:()2dt < dn-1,.
¢

Thus by (7.21) and (7.22) we conclude that

2z m 2n
(7.23) [ (s, d@))rde = 842 > [ (g@)dr <
) i=1 o

< (849 -4n( 3 1) = 4~ (84 1(Q).

We clearly have (note that r(B)=2) I(Q)=I(D)=4d(D)=4(d(B)+2)=6d(B).
Hence by (7.23) we have

(7.24) f ) (f5(r, d(2)))? dr < 4n - (84)%-6-d(B) < 10°- d(B).
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Finally, from (6.2), (6.4), (7.9) and (7.24) it follows that

2 2n
[ (e, D de =4 [ (folz, d@)) dz < 4-10°- d(B),
4 ' 0

i.e., {7.1) holds with ¢,y = 4. 108,
Thus Lemma 4.2 is proved. §
This completes the proof of Theorem 1.1.- |}
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